EXTENSIONS OF WEAK-TYPE MULTIPLIERS 
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Abstract. In this paper we prove that if A e M p (R N ) and has 
compact support then A is a weak summability kernel for 1 < p < 
oo, where M p (R N ) is the space of multipliers of L P (R N ). 
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1. Introduction 

Let G be a locally compact abelian group, with Haar measure /i and 
let G be its dual. We call an operator T : W{G) — > 1 < 

p < oo, a multiplier of weak type (p,p), if it is bounded and translation 
invariant i.e. t x T = Tt x Wx G G, and there exists a constant C > 
such that 

(1.1) »{xeG:\Tf(x)\>t}< ^Wfg 

for all / G L P (G) and i > 0. (Here L p '°° denotes the standard weak W 
spaces.) Asmar, Berkson and Gillespie in || proved that for all such 
operators T there exists a <fi G L°°(G) such that (T/) A = 0/ for all 
/ G L 2 H L P {G). We will also call such </>'s to be multipliers of weak 
type (p,p). Let Mp W \G) denote the space of multipliers of weak type 
(p,p) for 1 < p < oo, and let Np W \(f)) be the smallest constant C such 
that inequality ( |1 . 1|) holds. 

In this paper we are concerned with extensions of weak type mul- 
tipliers from Zj N to M> N through summability kernels. For similar re- 
sults on strong type multipliers , see 0, 0. Here we identify 
with [0,1)^ and for / G L 1 (IR iV ) we define its Fourier transform as 
/(£) = J f(x) e~ 2m ^ x dx for £ G M. N . Let us define summability ker- 
nels for weak type multipliers as follows 

Definition 1.1. A bounded measurable function A : — > C is 
called a weak summability kernel for Mp"\M. N ) if for <fi G Mp W \z N ) 
the function W^a(£) = Yl 0( n )^-(£ — n ) is defined and belongs to 

Mp W \R N ). 

This definition is just the weak type analouge of summability kernel 
for strong type multipliers 0. We first cite two important results 
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regarding the summability kernels of strong type multipliers from the 
work of Jodeit || and of Berkson, Paluszynski and Weiss || : 

Theorem 1.1. § Let S G L\R N ) and supp S C [i, |]* with r = 
^2 \s(n)\ < oo , where s is the 1-periodic extension of S, then the 

n<=Z N 

function defined by = ^2 < K n )>S'(£ — n ) belongs to M P (R N ), 

nei N 

for 1 < p < oo with \\ W^Wm^n) < C p t ||0||m p (z^) 

Theorem 1.2. [g For 1 < p < oo, let A G M P (R N ) and suppA C 
[±f]*. For G Af„(Z^) de/ine W M (0 = £ 0(n)A(£ - n) on 

neZ N 

R N . ThenW^ A G M P R N ) and \\W^ A \\ MpiRN) < C p ||A||m p (k^)I|0||m p (z^ 
where C p is a constant. (Further, if A has arbitary compact 

support the same result holds except that the constant C p necessarily 
depends 

on the support of A, as shown in [|J 

Asmar, Berkson and Gillespie proved a weak type analogue of The- 
orem 1.1 in H]. In this same paper they also proved that A defined by 

N 

A(£) = Yl max(l — |£j|,0) for £ = ...,£at) is a weak type summa- 
bility kernel. In this paper, we prove the weak type analouge of The- 
orem 1.2 in §2, for 1 < p < oo. In §3 we relax the hypothesis that 
supp A C [~, 1]^. For the proof of our main result , as in [Q, we will 
obtain the weak type inequalities by applying the technique of trans- 
ference couples due to Berkson, Paluszynski, and Weiss H. 

Definition 1.2. For a locally compact group G, a transference couple 
is a pair {S,T) = ({S U },{T U }) , u G G, of strongly continuous map- 
pings defined on G with values in B(X), where X is a Banach space, 
satisfying 
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(i) Cs = sup{||S' u || : u G G} < oo 
(it) Ct = sup{||T u || : u G G} < oo 
(Hi) S V T U = T vu Vu, v G G 

In §4, as an application of our result, we prove a weak type analogue 
of an extension theorem by de Leeuw. 

2. Weak-Type Inequality for Transference Couples and 

The Main Theorem 

Let A G L°°(R N ) and supp A C [\,j] N . Consider the following 
transference couple (S, T) used by Berkson, Paluszyhski, and Weiss 
in M. For u G the family T = {T u } is given by 

(2.2) (r u /) A (£) = ^ A(£ - n)e 2 ™/(0, for / G L^K") 
and the family S = {S u } is defined by 

(2.3) (S u f) A (0 = n)e 2 ~f(0- for / e L P (R N ), 

N 

where b(£) = f] 6» (Ci) f° r £ = (£i> ?6v) an d f° r eacn * 5 &j is the 

i=l 

continuous function defined on M as 6j(x) = 1 if a; G [|, |], linear in 
[0, 7) U (|, 1] and otherwise. It is easy to see that 

(2.4) S u f(x) = Pu(l)f(x + u-l) a.e., 

where f3 u is the inverse Fourier transform of the function f3 u {& = 
b(C,)e 27Tl ^ u , given explicitily by 

JV 
i=l 
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where 



(2.5) 



A* (6) 



2 2iri 



It,; 



3c- 



cos7r(Ci if & w< 

if & = Ui. 



Then by a straightforward calculation using Eqn.(E75|) we have 



(2.6) 

where (3(1) = Y\ i=1 (3i(k) and 



5^ i4(oi < E /?(o = c < oo, 



i/ Zj > 1 
if k < 1 



(/,+i) 2 

otherwise. 



In the following theorem we shall show that the operator transferred by 
T (of the transfernce couple (S, T) defined in Eqn. fl2.2|) and Eqn. (|2.3|) ) 
given by 



H k f(. 



k(u)T u -if(.)du, 



where k G L (T ) and / G L P (M ), satisfies a weak (p,p) inequality. 

Theorem 2.1. Le£ (S, T) be the transference couple as defined in Eqn. 
and Eqn. (\2.3j). Then for 1 < p < oo and t > 



A{x G AT : |fl*/(a:)| > t} < 



,ca 



c T N^(k)\\f\\ p y, 



where A denotes the Lebesgue measure of Mr, C = (3(1) as in 



i& N 



Eqn. ( 2.6j) , Ct is the uniform bound for the family T = {T u }, and 
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Proof: Assume / G S{R N ). For t > define E t = {x : \H k f(x)\ > t}. 
Notice that 

H k f{x) = S v -iS v H k f(x) = Yl Pv- l (l) f T N k(u)T u -i v f(x-v-l)du\ > 

i& N 

t}. Let T t = {(v,x) G T N x R N : | £ v -i(l) J jN k(u)T u -i v f(x - 

l£Z N 

l)du\ > t}. 

Then, using translation invariant of Lebesgue measure 

X(E t ) = \{x G R N : \S v -i / k{u)T u -i v f(x)du\ > t} 

Jt n 

= \{x G R N : | V 4-i (0 / fc(u)T tt -i„/(x - 0d«| > 
Xjc- t (t>, x)dxdv 



= / [{f : | ^ (Q / k(u)T u -i v f(x - l)du\ > t}\dx, 

Jr» 1&N M 

where \E\ denotes the measure of the subset E C T . Thus 
\{E t ) < [ |{«:y>(0l/ fc(«)T u - lt; /(a;-0|dtt>t}|da; 

= / \{v: (3(l)\k*F(.,x- l)(v)\ > t}\dx, where F(v, x) = T v f(x) a.e. 

1 

We know that sup t\f(t)p = \\f\\ LP ,oo for / G L p, °°. Also, since p > 1, 
| || P)00 is equivalent to a norm || ||* jOC (|§), using traingle inequality for 
norms 
we have 

\(E t ) < I ^\\Y^mk*F^x-t)\\l^ [TN) dx 

JrN i& n 

^ C p I hy.m^^Fi^x-lW^^Ydx, where C p = 

jRNt l&N P 1 



lev 



EXTENSIONS OF WEAK- TYPE MULTIPLIERS 7 

where Np W \k) is the weak-type norm of the convolution operator / i — > 
k* f for / G L P (T N ). Thus, 

= ^(E^'Wi/ / \T v f(x-l)\ p dxdv)ly 



Hence, i/fe/ satisfies a weak (p,p) inequality. 

In order to prove the weak-type analogue of Theorem [L~2| we need 
the following Lemma proved by Asmar, Berkson, and Gillespie in [|TJ. 

Lemma 2.1. QJ Suppose that 1 < p < oo , {fa} C M$°\G); sup{|0 i (7)| 
j G N,7 £ G} < oo and suppose 4>j converges pointwise a.e. on G 
to a function . If lim inf Np (fa) < oo then <p G Mp(G) and 

3 

Nj, w \fa < liminfiV p H (0A 

In the following theorem, we use the family of operators {T u } 

defined in ( |J) with A G M p (R JV ) and 

suppA C [~, 1]^. In ths case, 

by g| we have C7 T < c p \\A\\ Mp(r n), 

where Cp IS ct constant. 

Theorem 2.2. Suppose 1 < p < oo and A G M P (R ) supported in 
the set g, f]*. For G M p {w) (Z N ) define 

T/ien W M G M^R^) and (W^a) < CAA^ (0) || A||^ (KJ v } . 



Proof: Using Lemma |2.1| we first show that it is enough to prove the 
theorem for <p G Mp W \l* N ) having finite support. Suppose the theorem 
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is true for finitely supported 0. Then for arbitrary G Mp (Z N ), 
define <pj = kjtfi, where kj is the j-th Fejer kernel. Then for each j , 
0j's have finite support and (T t j ) .f) A (n) = <pj(n)f(n) = (T^kj* f)) A (n). 
So G M^ w) (Z N ) for each j and A^ w) (^) < Np W \(f)). Define 

W^,a(0= E &(n)A(£-n). NowliminfW^. iA (0 = W*,a(0- Also, 
by our assumption 

^(^,a) < C^(fc)||A|| Mj>(RW) 
< CN(?\<f>)\\M\ Mp (M») 
and |W^.,a| < 2 1 1 A 1 1 oo 1 1 j 1 1 oo < 2\\ A||oo||0||oo- Thus by Lemma |27 



applied to W^-\S ,we conclude that W^a G Mp^R^). Hence it is 
enough to assume that G Mp W \z N ) has finite support. 

Now let G Mi w) {Z N ) be finitely supported. Define fc(u) = Yl 0W e ~ 2 ™' n 

then k G L 1 (T Ar ) and fc(n) = <p{n). For this particular k and the trans- 
ference couple (S, T) defined above. We have 



Thus T w , A f = H k f. Hence from Theorem |2.1| and since CV < c p \\ A\\ Mp ^ R N, 
we have 

\{x G R N : \T w ^f(x)\ >t}< (jNjr\mM\M P ^)\\f\\p) P - 

3. Lattice Preserving Linear Transformations and 

Multipliers 

We shall now relax the hypothesis that supp A C [|, f]^ to allow 
A to have arbitrary compact support. In fact this can be done by a 
partition of identity argument as in [[| . Here we give a different method 
by proving Lemma |3.2| below. Particular cases of this lemma occur in 
§ and in §. Suppose supp A C [-M, M] N ; define A M (0 = Ai(4Mf), 
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where Ai(£) = A(£ — |). So s-upp A M C [|, 1]^. Thus if we define a 
non-singular transformation A : WL N — > Mr such that Ax = 4Mx then 
Am = Ai o A. In order to replace the support condition we need to 
prove Am o A~ x is a summability kernel. In the work of Jodeit and 
of Asmar, Berkson and Gillespie they assume A in Lemma |3.2| to be 
multiplication by 2. We have combined some of the results proved by 
Grochenig and Madych |5| in the following lemma which will help us to 
prove Lemma |3.2|. In the proof of Theorem EO, we only use the case of 



a diagonal linear transform, but the more general results proved below 
are of some interest in their own right. 

Lemma 3.1. H Let A : K — > M. N be a non-singular linear trans- 
formation which preserves the lathee Z N (i.e. A{Z N ) C Z N ). Then 
the following are true. 

(i) The number of distinct coset representatives ofZ N /AZ N is equal to 
q= I det A\. 



ives 



(ii) If Qo = [0, 1) and k\, , k q are the distinct coset representat 

of ' 7j N I ' A7h N then the sets A~ X {Q§ + hi) are mutually disjoint. 

(Hi) Let Q = U^A^iQo + h), then X(Q) = 1 andU k£Z N(Q + k) ~ R N . 

(iv) AQ ~ U q i=1 (Q + h). 

Where E ~ F if X(F A E) = 0. 

The above result is essentially contained in H. 



Lemma 3.2. Let A be as in Lemma \3J\ . Denote A 1 = B, where A 1 is 
the transpose of A. For <fi £ /^(Z^) define 

ip(n) = (f)(Bn) 

and 
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(B^n) n G BZ N 



77(71) 



otherwise. 



(i) If (j) El M p (Z iV ) then ip,r] G M p (Z Ar ) with multiplier norms not 
exceeding the multiplier norm of 0. 

(ii) If <p G Mp(Z N ) then ip,r) G Mp W \z N ) with weak multiplier norms 
not exceeding the weak multiplier norm of (p. 

Proof: (i) For / G L P (Q ), we let / again denote the periodic extension 
to ~R N . Define Sf(x) = f(Ax) , then Sf is also periodic and 



/ \Sf(x)\ p dx = [ \Sf(x)\ p J2xQ(x-3)dx 
= £/ |S/(s)|*x g (:n)dz 



|S/(x)|*dz 
1 



detA 



\f(x)\ p dx 

AQ 



l 9 r 

-J2 \f( x )\ Pdx (H of Lemma Q 

9 j_i JOn+ki 



l/C^I'dx. 



Qo 



Thus 5 is an isometry, i.e., || S/ ||lp(q ) = II / IU p (Qo)- Further, from 
the orthogonality relations of the characters (Lemma 1, H) we have 



f(B~ l n) if ne BZ N 
otherwise. 
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For / G L P (Q ) we define an operator W on L P (Q ) given by Wf(x) = 
<? 

- f{A~ l {x + fcj)), where ki, . . . , k q are distinct cosets representa- 
q i=i 

tions of Z N / AZ n . Then for a trigonometric polynomial /, 

(Wf) A (n) = /(fln), 

and so 

\Wf(x)\ p dx)p = (/ |- S^f{A-\x + h))\ p dx)p 
q i= i ^Qo 

9 i=1 ^A-i(Q +fci) 

Therefore || W/ ||lp(q )< g " || / ||lp(q„), since 

Jg o | p c?rc = J Q |/(:r)| p <ir as above. It is easy to see that 

(3.7) ST Vy = T v 
and 

(3.8) W^S = 7> 

It follows that, if G M p (Z N ) then ||7^/|| < C p \\<t>\\ Mp{ljN) \\f\\ L v m . 
Also ||V|| l p (Qo) < C p \\<f>\\ Mp{zN) \\f\\ LP{Qo) . Hence ip,rj £ M P (Z N ). 

, we need to calculate the distribution function 
of Sf and Wf. Denote E t = {x G Q : \Sf(x)\ >t>0}. Then 



\E t \ = / XE t (x)dx 
JQo 

= / 



Xr + (|/(Ax)| -f)tfc 



- / xm + (I/WI-0^ 

9 JAQ 
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q 



/ x*+(\m\-t)d* 

1 JQn+ki 



9 i=1 JQo+ki 

= |{x:|/(x)>t}|. 

Therefore, 

(3.9) |{x G g : |5/(a;) > t}| = |{x G Q : |/(a;) > *}| 

Also 

g 

\{xeQ : \Wf(x)\ >t}\ = \{xeQ :\J2f( A ~ 1 (x + ki))\>tq}\ 

i=\ 
q 

< \{x£Q Q :Y,\f{A- 1 {x + k i ))\>tq}\ 

i=l 



i=l 

Thus 



V ! xr + (I/(^ 1 (^ + ^))I-^K 

?2J / Xk+ (1/(^)1 



(3.10) |{z G Q : > t} < q\{x G Q : \f{x)\ > *}|- 



From the relations ( |3.7| ) - (|3.10|) , we conclude that i/j,T) G Mp (Z 



{u>)(n7N\ 



whenever G M^\z N ) . Also A^V*) < CN^ w \(j)) and iV^fo) < 

As an application of this Lemma we get the following result regarding 
weak summability kernels. 

Lemma 3.3. Let A be as in Lemma Suppose A is a weak (strong) 
summabiliy kernel then AoB and AoB' 1 are also weak (strong) summa- 
bility kernels. 
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Proof: Define W Mo jj on R N for G M^Z*). 

= r](n)A(Bx — n) 
= W vA (Bx). 

As 7] e M p {w \z N ) (by Lemma 0) and since A is a summability kernel 
we have W„ >A e M^flR*). Hence W MoB G M^flR*). Similarly 

W M0 B-i(x) = ^ (j){n)A{B~ 1 x — B~ x n) 

n&L N 

g 

= Yl <P{n)A(B- 1 x- B- l n) 

3=1 n&BZ N + P j 



where pi....p q are distinct coset representatives of BZ /Z (pi = 0). 

i 

W^oB-iix) = ^{Bn + p^AiB^x + B- 1 p j - n) 

3=1 n& N 

= W^B^x) + ... + W^^B^x - B- X p q ) 

where ip Pi (l) = <p{Bl + Pj ), i = 1,2, .., q. As ip G M^ w \z N ) and A is a 
summability kernel we conclude that Ao _b-i 



Hence from Lemma 3.3 and the discusssion preceeding Lemma 3.1 



we conclude the following theorem. 

Theorem 3.1. Suppose A G M P {R N ) and supp A C [— M, M]; for 

<f> G M$°\Z N ) define = £ <P(n)A(£-n) on R N , then W^a G 

Mp W \R N ) andNlr\w^ A ) < C7 A A^ w) (0) || A\\ Mp{m) , where C A is a con- 
stant depending on A. 
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4. An Application 



As an application of Theorem |3.1| , we prove a weak-type version of 
a result proved by de Leeuw ||. 

Theorem 4.1. For 1 < p < oo , and e > 0; let {<p £ } C Mp W \z) satisfy 

(i) lim0 £ ([-]) = 0(x) a.e. 

(iij supA^ w) (0 e ) = K < oo. 

T/ien G M^ } (R) and N^ w \(f>) < sup N^ w \(j> t ). 

Proof: For each e > 0, define W<p e on R by 
(4.11) W^(x) = Y,Mn)Xlo,i)(x- 

neZ 



n 



As X[o,i) £ M P (R) for 1 < p < oo, from Theorem [O] we have G 
m{T\r) and A" P H (V^J < CNi w) ((j) £ ) < CK . We define another 
function if> e , for each e > 0, by ip e (x) = W^(f). Then ^ e G 
and 

(4.12) A^WO < ^ } (^J < C^- 

From (14.11 ) we have 



n) 



So from our hypothesis 
(4.13) 



lim ip t (x) 



(x) a.e. 



Also we have 1^(^)1 < 00 ( as SU P I0e( n )l < °°)- 

Hence from (4.11), ( |4.12| ) and ( 4.13| ) along with Lemma |2"H] we have 



G M^ } (R) and N^ w >{<f>) < UmJV, 



r(»). 



< CK. 
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